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on any compact complex three-folds. The method
presented here will be used in the forthcoming paper [5] on the construction
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1. Introduction
Mabuchi and Aubin-Yau functionals play a crucial role in studying Ka¨hler-
Einstein metrics and constant scalar curvatures. How to generalize these func-
tionals from Ka¨hler geometry to complex geometry is an interesting problem. In
[4], the author solved this problem in dimension two and proved similar results in
the Ka¨hler setting. By carefully checking and using a trick, we can construct those
functionals on any compact complex three-folds. Moreover, the idea in this paper
will be used in the forthcoming paper in which we deal with higher dimension cases.
1.1. Mabuchi and Aubin-Yau functionals on Ka¨hler manifolds. Let (X,ω)







depends only on the Ka¨hler class of ω. Let Pω denote the space of Ka¨hler potentials
and define the Mabuchi functional, for any smooth functions ϕ′, ϕ′′ ∈ Pω, by











where ϕt is any smooth path in Pω from ϕ′ to ϕ′′. Mabuchi [7] showed that (1.2)
is well-defined.













So Aubin-Yau functionals are also well-defined.
However, if ω is not closed, then the above definitions do not make sense. Hence
we should add some extra terms on the definitions of those functionals. These extra
terms should involve ∂ω and ∂ω, but, the essential question is to find the structure
of the extra terms. In the next section, we will answer this question.
1.2. Mabuchi and Aubin-Yau functionals on complex three-folds. Through-
out the rest part of this paper, we denote by (X, g) a compact complex manifold
of the complex dimension 3, and ω the associated real (1, 1)-form. Let
(1.5) Pω := {ϕ ∈ C∞(X)R|ωϕ := ω +
√−1∂∂ϕ > 0}
be the space of all real-valued smooth functions on X whose associated real (1, 1)-
forms are positive.
For any ϕ′, ϕ′′ ∈ Pω, we define








































∂ϕt ∧ ∂ϕt ∧ ∂ω ∧ ∂ϕ˙t
where {ϕt}0≤t≤1 is any smooth path in Pω from ϕ′ to ϕ′′. Our first result is
Theorem 1.1. The functional (1.6) is independent of the choice of the smooth
path {ϕt}0≤t≤1 in Pω.
For any ϕ ∈ Pω we set
(1.7) LMω (ϕ) := LMω (0, ϕ).
Then we have an explicit formula of LMω (ϕ):
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ϕωiϕ ∧ ω1−i ∧
√−1∂ω ∧ ∂ϕ.




























ϕω ∧ √−1∂ω ∧ ∂ϕ,


























ϕω ∧ √−1∂ω ∧ ∂ϕ.
An important result is
Theorem 1.3. For any ϕ ∈ Pω, one has
3
4
IAYω (ϕ) − J AYω (ϕ) ≥ 0,(1.11)










J AYω (ϕ) ≤ IAYω (ϕ) ≤ 4J AYω (ϕ),
1
3
J AYω (ϕ) ≤
1
4
J AYω (ϕ) ≤ IAYω (ϕ)− J AYω (ϕ)
≤ 3
4
IAYω (ϕ) ≤ 3J AYω (ϕ).
1.3. Volume estimate. For any compact Ka¨hler manifold the volume (1.1) de-
pends only on the Ka¨hler class, but, this fact doesn’t hold for the general compact
Hermitian manifolds. To understand the change of volumes for compact Hermitian
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where P0ω = {ϕ ∈ Pω| supX ϕ = 0} is the normalized subspace of Pω. In any case,
we have




It implies that the quantity SupErrω is bounded, but the quantity InfErrω may not
have a lower bound. Notice that the lower boundedness of InfErrω is equivalent to




ωnϕ. We can ask a natural question [6]:








is bounded from above?











ωn for any function ϕ ∈ Pω, which gives an affirmative
answer to Question 1.4. In the surface case, we can only assume ∂∂ω = 0.
(3) Let (X,ω) be a compact Hermitian manifold of the complex dimension 2. By a
theorem of Ganduchon [2], there exists a smooth function u, unique up to a constant,
such that
(1.18) ∂∂ωG = 0, ωG := e
uω.





Using the idea in [9] we can show that, under a suitable condition, InfErrω is
bounded from below when n = 3 and, consequently, (1.17) has an upper bound.
Theorem 1.6. Suppose that (X, g) is a compact Hermitian manifold of the complex
dimension 3 and ω is its associated real (1, 1)-form. If ∂∂ω = 0, then InfErrω is
bounded from below. More precisely, we have








Here u is a real-valued smooth function on X such that ωG = e
u ·ω is a Gauduchon















Another interesting question [6] is
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(2) In [9], the authors confirmed Conjecture 1.7 for n = 2 provided that u satisfies










2eu−supX (u) − 1
)
ω2 > 0.
We can prove Conjecture 1.7 for n = 3 provided that a similar condition holds
for u.
Theorem 1.9. Suppose that (X, g) is a compact Hermitian manifold of the complex
dimension 3 and ω is its associated real (1, 1)-form. We select a real-valued smooth




















2. Mabuchi LMω functional on compact complex three-folds
Let (X, g) be a compact complex manifold of the complex dimension 3, and ω
be its associated real (1, 1)-form. In this section we define Mabuchi LMω functional
and prove the independence of the choice of the smooth path. As a consequence,
we give an explicit formula for LMω .
Let ϕ′, ϕ′′ ∈ Pω and {ϕt}0≤t≤1 be a smooth path in Pω from ϕ′ to ϕ′′. We define












(2.2) ψ(s, t) := s · ϕt, 0 ≤ s, t ≤ 1.
















Taking the differential on Ψ0, we have
dΨ0 = I0 · dt ∧ ds







































































































































































































































































































































a2 · ∂ω ∧ ωϕt ∧ (∂ϕ˙t · ϕt)dt.(2.9)
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Therefore
















































































































































































In the same fashion way, we have
































































































































∧ ωψ ∧ ∂ω +A+ B,
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a4∂ϕt ∧ ∂ω ∧ ∂ϕ˙t ∧ ∂ϕt,(2.15)














































We take the differential on Ψ3 and Ψ4, and these differentials can be written as
dΨ3 = I3 · dt ∧ ds, dΨ4 = I4 · dt ∧ ds




























































































































































































































































∧ ∂ω ∧ ∂ψ,
then those two terms have the shorted expressions:
I3
a3
= H + 2−√−1(A+ B),
I4
a4
= H + 2√−1(A+ B).
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∧ ∂∂ω ∧ ∂ψ



















































































= H+H + 2−√−1
[
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Selecting
a1 = −3
√−1, a2 = 3
√−1, a3 = a4 = −1
we deduce
(2.16) I0 + I1 + I2 + I3 + I4 = 0.
Theorem 2.1. The functional








































∂ϕt ∧ ∂ϕt ∧ ∂ω ∧ ∂ϕ˙t
is independent of the choice of the smooth path {ϕt}0≤t≤1 in Pω, where ϕ0 = ϕ′
and ϕ1 = ϕ
′′.
Proof. It immediately follows from (2.16). 
Corollary 2.2. For any ϕ ∈ Pω one has
























ϕωiϕ ∧ ω1−i ∧
√−1∂ω ∧ ∂ϕ.

























√−1∂ω ∧ (∂ϕ · tϕ) ∧ ωtϕdt := J0 + J1 + J2.















































For J1, we have












































ϕ · ∂ω ∧ ∂ϕ ∧ ω.
Taking the complex conjugate gives the third term J2. 
Remark 2.3. (1) When (X, g) is a compact Ka¨hler three-fold, the functional (2.1)
or (2.18) coincides with the original one.
(2) The last two terms in (2.17) may not be zero since ∂ϕt ∧ ∂ϕ˙t is not identically
zero in general. For instance, take ϕt = tϕ
′′ + (1 − t)ϕ′; then
∂ϕt ∧ ∂ϕ˙t = ∂ϕt ∧ d
dt
∂ϕt
= (t∂ϕ′′ + (1− t)ϕϕ′) ∧ (∂ϕ′′ − ∂ϕ′)
= t∂ϕ′ ∧ ∂ϕ′′ + (1 − t)∂ϕ′ ∧ ∂ϕ′′ = ∂ϕ′ ∧ ∂ϕ′′.
If ϕ′ = 0, then ∂ϕt ∧ ∂ϕ˙t = 0 and hence, by taking the complex conjugate, ∂ϕt ∧
∂ϕ˙t = 0. This is a reason why in the Corollary 2.2 there are only three terms.
Let S be a non-empty set and A an additive group. A mapping N : S × S → A
is said to satisfy the 1-cocycle condition if
(i) N (σ1, σ2) +N (σ2, σ1) = 0;
(ii) N (σ1, σ2) +N (σ2, σ3) +N (σ3, σ1) = 0.
Corollary 2.4. (1) The functional LMω satisfies the 1-cocycle condition.
(2) For any ϕ ∈ Pω and any constant C ∈ R, we have






In particular, if ∂∂ω = ∂ω ∧ ∂ω = 0, then LMω (ϕ, ϕ+ C) = C.
(3) For any ϕ1, ϕ2 ∈ Pω and any constant C ∈ R, we have






In particular, if ∂∂ω = ∂ω ∧ ∂ω = 0, then LMω (ϕ1, ϕ2 + C) = LMω (ϕ1, ϕ2) + C.
Proof. The proof is similar to that given in [4]. 
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3. Aubin-Yau functionals on compact complex three-folds
Let (X, g) be a compact complex manifold of the complex dimension 3 and ω be





















Two relations showed in [4] are
3
4



















(2− j)ω2−j ∧ ωjϕ.(3.4)

















ϕωiϕ ∧ ω1−i ∧
√−1∂ω ∧ ∂ϕ.(3.6)
Using (3.3) we obtain
3
4























































[(2− j)ω1−j ∧ ∂ω ∧ ωjϕ + ω2−j ∧ jωj−1ϕ ∧ ∂ω] ∧ ∂ϕ;
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setting i = j − 1 in the third term gives
3
4














































































ϕω ∧ √−1∂ω ∧ ∂ϕ.
To simplify the notation, we set























On the other hand, using the slightly different method, we obtain (see A.1)
3
4





















Equations (3.8) and (3.9) implies
3
4









√−1∂ϕ ∧ ∂ϕ ∧ ωiϕ ∧ ω2−i
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By the definition we have


















































then A1ω(ϕ) +A2ω(ϕ) = Aω(ϕ) and it follows that (see A.1)








√−1∂ϕ ∧ ∂ϕ ∧ ωiϕ ∧ ω2−i




















Then B1ω(ϕ) + B2ω(ϕ) = Bω(ϕ) and hence (see A.3)








√−1∂ϕ ∧ ∂ϕ ∧ ωiϕ ∧ ω2−i
+ Fω(ϕ) + 8B1ω(ϕ)− B2ω(ϕ).(3.19)
(3.15) and (3.19) together gives



















Now, we define Aubin-Yau functionals over any compact complex manifolds as
follows:
IAYω (ϕ) := IAYω|•(ϕ)
+ a11A1ω(ϕ) + a21A2ω(ϕ) + b11B1ω(ϕ) + b21B2ω(ϕ)
+ c1Cω(ϕ) + d1Dω(ϕ) + e1Eω(ϕ) + f1Fω(ϕ),(3.21)






+ a12A1ω(ϕ) + a22A2ω(ϕ) + b12B1ω(ϕ) + b22B2ω(ϕ)
+ c2Cω(ϕ) + d2Dω(ϕ) + e2Eω(ϕ) + f2Fω(ϕ),
= J AYω|• (ϕ)
+ (a12 − 1)A1ω(ϕ) + (a22 − 1)A2ω(ϕ) + (b12 − 1)B1ω(ϕ) + (b22 − 1)B2ω(ϕ)
+ c2Cω(ϕ) + d2Dω(ϕ) + e2Eω(ϕ) + f2Fω(ϕ).(3.22)













√−1∂ϕ ∧ ∂ϕ ∧ ωiϕ ∧ ω2−i ≥ 0
and







√−1∂ϕ ∧ ∂ϕ ∧ ωiϕ ∧ ω2−i ≥ 0
where we require that constants satisfy the following linear equations system
3
4


































e1 − e2 = 0, 3
4
f1 − f2 = 0,(3.28)








4c2 − c1 = 0, 4d2 − d1 = 0,(3.31)
4e2 − e1 = −1
2
, 4f2 − f1 = −1
2
.(3.32)
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The constants aji , b
j































c1 = d1 = −1, e2 = f2 = − 3
16
,(3.35)
c2 = d2 = e1 = f1 = −1
4
.(3.36)




























ϕω ∧ √−1∂ω ∧ ∂ϕ,


























ϕω ∧ √−1∂ω ∧ ∂ϕ.
From (3.23), (3.24), (3.31) and (3.38), we deduce the following
Theorem 3.1. For any ϕ ∈ Pω, one has
3
4
IAYω (ϕ) − J AYω (ϕ) ≥ 0,(3.39)










J AYω (ϕ) ≤ IAYω (ϕ) ≤ 4J AYω (ϕ),
1
3
J AYω (ϕ) ≤
1
4
J AYω (ϕ) ≤ IAYω (ϕ) − J AYω (ϕ)
≤ 3
4
IAYω (ϕ) ≤ nJ AYω (ϕ).
4. Volume estimates
Let (X, g) be a compact Hermitian manifold of the complex dimension n and ω
be its associated real (1, 1)-form. Define






∣∣∣ supX ϕ = 0
}
. Consider the quantity












It’s clear that InfErrω ≤ 0. But we don’t know whether the quantity InfErrω is
finite. For n = 2, V. Tosatti and B. Weinkove [9] showed that InfErrω is always
bounded from below, using the existence of Ganduchon metrics on any compact
Hermitian manifolds. If ω satisfies the condition (see [3], [9])
(4.4) ∂∂(ωk) = 0, k = 1, 2,
one can show that the quantity InfErrω = 0 (see [1], [4], or [9]).
When n = 2, the condition (4.4) reduces to
(4.5) ∂∂ω = 0,
which is a Ganduchon metric; however, if n = 3, we can show that InfErrω is
bounded from below under this condition.
Theorem 4.1. Suppose that (X, g) is a compact Hermitian manifold of the complex
dimension 3 and ω is its associated real (1, 1)-form. If ∂∂ω = 0, then InfErrω is
bounded from below. More precisely, we have








Here u is a real-valued smooth function on X such that ωG = e
u ·ω is a Gauduchon
metric, i.e., ∂∂(ω2G) = 0.









(−2ω3 + 3ω2 ∧ (ω +√−1∂∂ϕ) + 3ω ∧ (√−1∂∂ϕ)2).






















































where osc(u) := supX(u)− infX(u). 
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Theorem 4.2. Suppose that (X, g) is a compact Hermitian manifold of the complex
dimension 3 and ω is its associated real (1, 1)-form. We select a real-valued smooth




























Since supX u− infX u ≤ 12 · ln 32 , it follows that 3 · e2(infX u−supX u) − 2 ≥ 1. 
Appendix A. Proof the identities (3.8), (3.15) and (3.19)
In Appendix A we verify the identities (3.8), (3.15) and (3.19).
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which gives (3.9). Calculate

















































ϕω1−j ∧ ωjϕ ∧

























Using the definitions of Eω(ϕ),A1ω(ϕ), A2ω(ϕ), we have A1ω(ϕ) + A2ω(ϕ) = Aω(ϕ)
and hence (3.15) holds. Similarly, we have B1ω(ϕ) + B2ω(ϕ) = Bω(ϕ) and

















































ϕω1−i ∧ ωiϕ ∧ (−
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and hence








√−1∂ϕ ∧ ∂ϕ ∧ ωiϕ ∧ ω2−i
+ Fω(ϕ) + 8B1ω(ϕ)− B2ω(ϕ).(A.2)
Therefore (3.15) and (3.19) together gives
















Appendix B. Solve the linear equations system
In this section we try to solve the linear equations system (3.25)-(3.32). Firstly


























+ 4 = a11
which implies
(B.3) a11 = −
3
2





























































































Continuously, equations (3.27) and (3.31) shows that
3
4
c1 − c2 = −1
2
, 4c2 − c1 = 0,
3
4
d1 − d2 = −1
2
, 4d2 − d1 = 0.

















− d1 = 0.
Thus
c1 = −1, c2 = −1
4
(B.9)
d1 = −1, d2 = −1
4
.(B.10)
Similarly, from (3.28) and (3.32) we obtain
3
4









e1 = f1 = −1
4
,(B.11)
e2 = f2 = − 3
16
.(B.12)
Appendix C. Explicit formulas of IAYω (ϕ) and J AYω (ϕ)
In this section we give the explicit formulas of IAYω (ϕ) and J AYω (ϕ). Using the
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ϕω ∧ √−1∂ω ∧ ∂ϕ.
Similarly, we have








































































ϕω ∧ √−1∂ω ∧ ∂ϕ



























Proposition C.2. One has


























ϕω ∧ √−1∂ω ∧ ∂ϕ.
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